
 

 

  
Abstract—Analysis of coastline variability and change is 

fundamental to a broad range of investigations undertaken by coastal 
scientists, coastal engineers, and coastal managers. Hence, various 
models for shoreline change modelling have been proposed. 
However, due to difficulties and inexactness in shoreline definitions, 
most models, such as linear crisp extrapolation, become unreliable 
for shoreline modelling. In such cases, a more reasonable and 
flexible modelling approach must be taken if predictive accuracy is 
to be improved. To this end, we present an application of fuzzy set 
theory in predictive modelling for shoreline changes. This approach 
was applied to a segment of the coast of Portland Bay, Victoria, 
Australia, where the erosion is effected by swell waves. The research 
results demonstrate the efficiency, and flexibility of the fuzzy set 
approach to approximation modelling with input data for the 
approximator being uncertain and even imprecise, as is often the case 
when geo-spatial data in time series is the main input data set. 
 

Keywords—Fuzzy regression, fuzzy Lagrangian interpolation, 
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I. INTRODUCTION 
OASTAL landforms respond dynamically to processes 
that will not always be in equilibrium. Parallel to changes 

in coastal erosion, sediment transport and deposition rates are 
consequential changes to risk management: loss of life and 
property, security of harbors, change of the coastal socio-
economic environment, and access to coastal resources. 
Hence, coastal managers will be likely to call on data about 
rates and magnitudes of change that can be analyzed to yield 
predictive information.  

Shorelines are recognized by the International Geographic 
Data Committee (IGDC) as one of the 27 most important 
features to be mapped and monitored (Li et al., 2002). Thus 
some interest attaches to maintenance of information about 
where the shoreline is, where it has been in the past, and 
where it is predicted to be in the future. This is especially so 
among those charged with coastal management and 
engineering design. Various mathematical models have been 
proposed for shoreline change modelling. Some nonlinear 
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methods employ complex mathematical approaches: they 
include some that deploy higher-order polynomial expressions 
(Li et al., 2001), exponential expressions, or cyclic series. 
Nevertheless, the methods most commonly used, are linear 
extrapolations of a constant rate-of-change value. However, 
on sandy coasts, for instance, the balance between swash 
dominant and back-wash dominant seasons will change as will 
the relative significance and volumes of sand supply sources. 
This occurs especially on coasts responding to changes in 
hinterland catchment management that affect sediment 
transport or involve inter-regional water transfers or change in 
river regime (water and sediment flows) because of dam 
construction.  

The popularity of the crisp linear approximation approach is 
due chiefly to its simplicity. However, it is rarely reasonable 
to confidently assume that a crisp function of a given form 
represents the relationship between the given variables. Fuzzy 
relations, even though less precise, seem intuitively more 
reasonable. Moreover, the nature of data, in some applications 
such as shoreline position measuring, are inherently uncertain. 
Accordingly, models that can better deal with uncertainties 
(e.g. the fuzzy sets model) need to be investigated and 
applied. 

Fuzzy sets (Zadeh, 1965) are powerful mathematical tools 
for modelling and controlling such uncertain systems: they 
have been applied in modelling industry, human behaviour, 
and nature. In the absence of complete and precise 
information, they are decision support facilitators. As such 
they are of appealing value when improvements in 
approximation are called for. Their role is significant when 
applied to complex phenomena not easily described by 
traditional mathematics. 

As early as the 1970’s the modelling of fuzzy spatial events 
through application of fuzzy set theory was proposed, 
primarily in application to areas of interest in geographical 
analysis (Gale, 1972; Leung, 1979; Pipkin, 1978). With the 
development of computer-based geographic information 
systems (GIS), the potential of fuzzy set theory in GIS began 
to emerge (Robinson, 2003). 

This paper aims to present an application of fuzzy set 
theory for coastal change modelling. The next section will 
examine general methodology for the approach, and the case 
study as well as experimental results will be stated in section 
3.  

I. METHODOLOGY 
The general methodology in this research is shown in Fig. 

1. 
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In order to build the time-series shoreline database, a range 
of input data from a variety of sources such as aerial photos, 
satellite images, or paper maps could be required. 
Georeferencing and orthorectification procedures using 
ERDAS and ESRI ArcGIS software were carried out in order 
for all data to be projected to the same datum. Note that the 
shoreline herein is not a normal polyline, but it is the spatial 

buffer within which the shoreline will likely be found. The 
width of buffers depends on the quality of original sources 
used to extract shoreline buffers. For instance, the buffers of 
shorelines extracted from aerial photos are wider than those 
extracted from paper maps, even though the maps may have 
been generated from application of photogrammetric 
engineering.

 
 

Fig. 1 Fuzzy set modelling for coastal change prediction 
 

Transects casting (crossing the buffers) is performed using 
Digital Shoreline Analysis System (DSAS) version 3.x ESRI 
ArcGIS extension (Thieler et al., 2005). This extension is 
implemented in VB.NET using the ArcObjects Object Library 
for ArcGIS 9. It was designed to aid in historic shoreline 
change analysis. DSAS works by generating orthogonal 
transects at a user-defined separation and then calculates rates-
of-change and associated statistics that are reported in 
attribute tables (geo-spatial database). In this paper we do not 
focus on the use of the created geo-database to calculate rates-
of-change, but via the steps described in figure 1, we use this 
geo-database as input data for fuzzy set modelling. 

A. Generating missing shorelines using fuzzy Lagrangian 
interpolation 

In shoreline models currently used, temporal shorelines are 
stored through a series of snapshots associated to particular 
instants in time. Therefore, information about change that 
occurred in the interval between two consecutive snapshots is 
not directly available. If the interval between the snapshots is 
too long, the exact beginning and duration of change that 
happened during this time interval is not known. Application 
of an interpolation method for generating missing shorelines is 
an essential process for overcoming this problem. 
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The temporal resolution equal to one year has been chosen 
as convenient to model the coastal changes. Due to the 
unavailability of existing shorelines on one year intervals, we 
need to generate missing shorelines at years without 
shorelines. After applying the annual temporal resolution, the 
fuzzy sets of missing shorelines would be generated based on 
the fuzzy Lagrange interpolation theorem and the fuzzy sets of 
existing shorelines. 

Theorem. For Rx ∈  we have Γ(R)F(x)∈ , i.e. the 
assignment 

F(x)Γ(R):xF:R →→  
is a well-defined function. Further we have: 
(i) For all i = 0, …, n, iμ)iF(x = . 

(ii) F is continous. 
(iii) If for all i = 0, …, n, we have ]i,bi[aiμ 1=  and for 

each Rx ∈  we put 

[ ]{ }∏
=

=∈∃∈=
n

i
t(x)y,Pi,biayR|tJ(x):

0
, 

then F reduces to the function J(x)F(x) 1= . Vector y  and 

polynomial yΡ  of degree less than or equal to n are 

( ) nRny...,,yy ∈= 0 , and ( ) n...,,i,iyixyΡ 0=∀=  
respectively (Lowen, 1990). 

Let nx...x <<0  be n + 1 points of existing years in R and 

let n
i)i(μ 0=  be n + 1 fuzzy sets in Γ(R) . Using the theorem, 

the fuzzy set representing the shoreline at missing year x will 
be the “fuzzy value” of function F(x) defined on J(x). 

B. Fuzzy regression modelling 
In the linear regression with fuzzy data, the dependence of 

an output variable on input variables is expressed by the form  
Y = ζ1X1 +  ζ 2X2 + … + ζ nXn    (1) 

where values of input and output variables are fuzzy numbers, 
and ζ 1, ζ 2, …, ζ n are real-valued parameters. 

Data are given in terms of pairs (j),Y(j)X , where (j)X  

is an n-tupe of fuzzy numbers, and (j)Y  is a fuzzy number for 
each mNj ∈ . 

The aim of this regression problem is to estimate 
parameters ζ 1, ζ 2, … ζ n such that the fuzzy linear function fits 
the given fuzzy data as best as possible. Two criteria of 
goodness of fit are usually employed. The first criterion is that 
the total difference between the areas of the actual fuzzy 

number (j)Y  and the areas of the fuzzy numbers jY  obtained 

for (j)X  by (1), should be minimised, where mNj ∈ . 

According to the second criterion, the fuzzy numbers (j)Y  
and jY  should be compatible at least to some given degree 

[ ]10,h ∈ ; the compatibility, com, is defined by 

( ) ( ) ( )[ ]yjY,y(j)Y
RyjY,(j)Ycom minsup

∈
=  

The fuzzy regression can be formulated as the optimization 
problem: 

Minimize ( ) ( )∑
=

∫−∫
m

j R dyyjYR dyy(j)Y
1

, 

s.t: ( ) hjY,(j)Ycom
mNj

≥
∈
min  

The symmetric triangular fuzzy sets (Pedrycz, 1994) are 

proposed in this study. Let (j)
i,s(j)

ix(j)
iX =  for all nNi ∈  

and (j),s(j)y(j)Y = . Then, the fuzzy regression problem for 

fuzzy data becomes: 
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=
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Ria ∈  for all nNi ∈  and all mNj ∈  
 

 
 
Fig. 2 Detail of fuzzy regression modelling at a sample transect 

(perpendicular to baseline). Three existing shorelines, for instance, 
are used to estimate the next shoreline position 

 
Applying this theory in coastal change modelling, distances 

computed from baseline of transects crossing shoreline buffers 
were used as input parameters to the fuzzy regression model 
(Fig. 2). The regression operation is applied at each transect 
separately. The centres of buffers according to horizontal axis 
at each transect were considered as centres of fuzzy sets. The 
widths of fuzzy sets depend on the widths of the buffers 
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represented. 

II. CASE STUDY AND RESULTS 
A segment of approximately 2 kilometres from the east end 

of the basalt (rock cover) wall to Monaghan’s place in Henty 
Bay Estate, east of Portland (Fig. 3) was used to verify the 
approach. At this site, the shoreline, built by sandy 

progradation in a swell wave environment, retreated after the 
building of the present Portland Harbour in 1960. The erosion 
is effected by waves that are extreme in magnitude. This 
indicates a local cause, i.e. a local realignment, and not a 
general one, i.e. a part of a worldwide increased erosion (Gill, 
1979). 

 

 
 

Fig. 3 Geographical position of the 2-kilometer shoreline segment 
 

 
Eight shorelines available at the years of 1966, 1967, 1972, 

1976, 1977, 1981, 1986, and 1992 were inputs into the model. 
The 1992 shoreline was used to validate the results of the 
fuzzy regression approach and not used in the modelling 
progress. There were 123 transects cast across shorelines in 
total (Fig. 5). 
 

 
 

Fig.  4 Buffering the shoreline 
 

 
 

Fig.  5 123 transects casting the shorelines 
 

To compare with the fuzzy set approach, two traditional 
statistics were used from among the many different methods 
offered by the DSAS tool:  End Point Rate (ERP) and Linear 
Regression (LRR). These statistics are described by Thieler et 
al. (2005) as follows. 

The EPR is calculated by dividing the distance of shoreline 
movement by the time elapsed between the earliest and latest 
measurements. The major advantage of the ERP is its ease of 

The shoreline segment at 
Henty Bay Estate, east of 
Portland Bay, Victoria 
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computation and minimal requirement for shoreline data. The 
major disadvantage is that the information about shoreline 
behaviour provided by additional shorelines is neglected in 
cases where more than two shorelines are available. Thus, 
changes in sign or magnitude of the shoreline movement 
trend, or cyclicity of behaviour may be missed. 

The LRR statistics can be determined by fitting a least 
squares regression line to all shoreline points for a particular 
transect. The rate is the slope of the line. The advantages of 

LRR are that all shoreline data is used, the method is purely 
computational, it is based on accepted statistical concepts and 
it is easy to employ. 

The result assessment of the approaches is displayed in Fig. 
6. The average of absolute deviation of fuzzy set approach is 
0.763 whereas that of the EPR and LRR approach is 2.861 and 
2.947, respectively. It is obvious that the fuzzy set approach is 
much more accurate than the linear models.

 

 
 

Fig. 6 Results of the shoreline change modellings. The positions of the shoreline (i.e. distance calculated from the baseline) in 1992 were 
estimated at all transects 
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Fig. 7 Fuzzy set approach. Subtraction original distance from 

estimated distance at 123 transects casting the shoreline in 1992. 
Distances are computed from baseline 
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Fig. 8 EPR linear approach. Subtraction original distance from 

estimated distance at 123 transects casting the shoreline in 1992 
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Fig. 9 LRR linear approach. Subtraction original distance from 
estimated distance at 123 transects casting the shoreline in 1992 

 
The deviation between original and estimated shorelines at 

transects is nearly similar in terms of geographical positions 
when comparing among three approaches (Fig. 7-9). 
However, the magnitude of deviations of EPR and LRR 
approaches is much higher than that of the fuzzy set one. The 
average of absolute deviation of fuzzy set approach is much 
lower than that of traditional simple linear models, at the cost 
of a heavier modelling effort. 

III. CONCLUSIONS 
This paper presented an application of a fuzzy set approach 

for coastal change modelling. Based on the DSAS geo-
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database, missing shorelines were generated by using the 
fuzzy Lagrangian interpolation theorem and then the fuzzy 
regression approach is used to predict the position of the 
shoreline in the future. The research results demonstrated the 
power and reality of fuzzy sets approach in spatial change 
modelling, particularly when the input data is uncertain and 
even imprecise.  
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